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Membranes enclosing capsules and biological cells undergo periodic compression and stretching due to an imparted
hydrodynamic traction as they rotate in a shear ﬂow. Compression may cause transient or permanent buckling manifested
by the onset of wrinkled shapes. To study the eﬀect of pre-compression and pre-stretching on the critical conditions for
buckling, the response of an elastic circular plate ﬂush mounted on a plane wall and deforming under the action of a uni-
form tangential load due to an over-passing simple shear ﬂow is considered. Working under the auspices of the theory of
elastic instability of plates governed by the linear von Ka´rma´n equation, an eigenvalue problem is formulated resulting in a
fourth-order partial diﬀerential equation with position-dependent coeﬃcients parametrized by the Poisson ratio. Solutions
are computed by applying Fourier series expansions to derive an inﬁnite system of coupled ordinary diﬀerential equations,
and then implementing orthogonal collocation. The solution space is illustrated, critical values for buckling are identiﬁed,
the associated eigenfunctions representing possible modes of deformation are displayed, and the eﬀect of the Poisson ratio
is discussed.
 2007 Elsevier Ltd. All rights reserved.
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Recent experiments have shown that a spherical capsule enclosing a liquid and bounded by an elastic mem-
brane may develop corrugations described as wrinkles when subjected to a simple shear ﬂow (Walter et al.,
2001). The most probable physical reason is that the membrane is locally subjected to a compressive load that
causes buckling above a certain threshold. The onset and severity of buckling are aﬀected by themembrane thick-
ness andmaterial constitution determining themembrane ﬂexural stiﬀness, as well as by the duration of the com-
pressive load on a rotating membrane patch that carries the hydrodynamic load. Lac and Barthe´s-Biesel (2005)0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.05.027
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sive load is either diminished or altogether disappears.
To study the suppression mechanism, we consider the buckling of a pre-compressed or pre-stretched circu-
lar membrane patch ﬂush mounted on a plane wall. In our terminology, ‘‘membrane’’ refers to a biological
object rather than a thin shell with inﬁnitesimal bending stiﬀness, as it is traditionally implied in mechanics.
The circular patch represents a small section of a stationary or rotating capsule membrane, serving as a local
model of the membrane. A simple shear ﬂow occurs on both sides of the patch emulating the ﬂow in the cap-
sule exterior and interior.
The hydrodynamic shear stress imparts to the membrane a tangential load that amounts to a uniform body
force. Elementary mechanics indicates that the upstream part of the membrane is stretched, while the down-
stream part is compressed. Compression raises the possibility of buckling when the uniform load exceeds a
critical threshold representing a bifurcation point in the solution space. The computation of these bifurcation
points and associated eigenfunctions is the main objective of our work. The analysis and results extend the
recent work of Luo and Pozrikidis (2006) on the buckling of elastic plates with arbitrary shapes ﬂush mounted
on a rigid wall in the absence of pre-stress.
In Section 2, the physical problem is described and an eigenvalue problem is formulated based on the linear
von Ka´rma´n equation for elastic plates. In Section 3, a numerical method based on a Fourier series expansions
is developed. Numerical results are presented in Sections 4 and 5, and the new ﬁndings are summarized in Sec-
tion 6.2. Theoretical model
We consider a uniformly pre-compressed or pre-stretched elastic membrane ﬂush mounted on a rigid wall
with its edge clamped around the rim, as illustrated in Fig. 1. The upper and lower surfaces of the membrane
are exposed to an over-passing shear ﬂow along the x axis with velocity ux = G1z above the membrane and
ux = G2z below the membrane, where G1 and G2 are constant shear rates, and the z axis is normal to the wall.
The shear ﬂow imparts to the upper and lower surfaces of the membrane a uniform hydrodynamic shear
stress, s1 = l1G1 and s2 = l2G2, where l1 and l2 are the ﬂuid viscosities.
Working under the auspices of thin-shell theory, we smear the tangential membrane load due to the hydro-
dynamic shear stress from the membrane surfaces into the membrane cross-section to obtain an in-plane body
force with componentsFig. 1.
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Shear ﬂow past a circular membrane patch modeled as an elastic plate ﬂush mounted on a plane wall. A shear ﬂow parallel to the
ane occurs on either side. (a) Top view, and (b) side view.
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We assume that the in-plane stresses developing due to the in-plane deformation of the membrane in the
absence of buckling, rij, are related to the in-plane strains, ij, by the linear constitutive equationrxx
ryy
rxy
2
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; ð4Þ(vx,vy) is the tangential displacement of membrane point particles in the xy plane, E is the membrane modulus
of elasticity, and m is the Poisson ratio. The upper limit, m = 0.5, corresponds to an incompressible material.
Although the Poisson ratio is positive for the vast majority of materials encountered in practice, zero or
slightly negative values have been reported for wrinkled membranes (Pieper et al., 1988). Physically, smooth-
ing of the wrinkles under uniaxial extension leads to expansion in the lateral direction associated with a neg-
ative Poisson ratio (Boal et al., 1993; Schmid-Schoenbein et al., 1995). Force equilibrium requires the
diﬀerential balancesorxx
ox
þ oryx
oy
þ bx ¼ 0; orxyox þ
oryy
oy
þ by ¼ 0; ð5Þsubject to the boundary conditions vx = 0 and vy = 0 around the clamped rim. In the case of a circular mem-
brane of radius a, elementary analysis shows thatvx ¼ DsEh
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xþ r0; ð7Þwhere r0 is the positive or negative membrane pre-stress. In the absence of pre-stress, r0 = 0, the streamwise
component of the in-plane normal stress, rxx, is positive (tensile) on the upstream half of the membrane, and
negative (compressive) on the downstream half of the membrane. The transverse component of the normal
stress, ryy, is also positive or negative depending on the sign of the Poisson ratio.
Compression raises the possibility of buckling when the pre-compression is suﬃciently strong or the tan-
gential hydrodynamic load exceeds a critical threshold. To compute the transverse deﬂection along the z axis
upon inception of buckling, we work under the auspices of linear elastic instability of thin plates and shells,
and derive the linear von Ka´rma´n equation for the deﬂection function z = f(x,y),r4f  r2r2f ¼ o
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;
ð8Þwhere EB is the membrane modulus of bending (e.g., Bloom and Coﬃn, 2001, p. 18, Timoshenko and Gere,
1961, p. 305); for an elastic plate, EB = Eh
3/[12(1  m2)] (e.g., Fung, 1965, p. 461, Timoshenko and Gere, 1961,
p. 335). The fourth-order diﬀerential Eq. (8) involves position-dependent coeﬃcients multiplying the second
derivatives on the right-hand side. Substituting in (8) expressions (7) for the in-plane stresses and expression
(1) for the body force, we obtainr4f ¼  1
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ð11ÞThe streamwise tension, rxx, is positive over the whole area of the membrane as long as a < b, whereas the
transverse tension, ryy, is positive as long as a < b/m. Since m < 1, we require positivity of rxx and obtain a con-
servative criterion for the onset of buckling.
The solution is to be found subject to the homogeneous Dirichlet and Neumann boundary conditions, f = 0
and of/or = 0 at r = a, where r is the distance from the origin. Eq. (9) admits the trivial solution, f = 0, for any
values of a and b, and non-trivial eigensolutions at a sequence of discrete eigenvalues. The computation of
these eigenvalues and corresponding eigenfunctions is the main objective of our work.
3. Fourier expansion
It is convenient to work in the plane polar coordinates deﬁned in Fig. 1, and non-dimensionalize the posi-
tion, radial distance, and membrane deﬂection by the patch radius, a. Dimensionless variables are indicated by
a hat; for example, r^ ¼ r=a and f^ ¼ f =a. An eigenfunction of (9) can be expanded in a Fourier series,f^ ðr^; hÞ ¼ 1
2
p0ðr^Þ þ
X1
n¼1
ðpnðr^Þ cos nhþ qnðr^Þ sin nhÞ ¼
X1
n¼1
F nðr^Þ expðinhÞ; ð12Þwhere i is the imaginary unit, pnðr^Þ and qnðr^Þ are real dimensionless functions, and F nðr^Þ is a complex dimen-
sionless function. We have adopted Euler’s formula for the complex exponential exp(inh) = cos(nh)  i
sin(nh). The complex functions, F nðr^Þ, is deﬁned such thatF nðr^Þ  1
2
ðpnðr^Þ þ iqnðr^ÞÞ ð13Þfor nP 0 and F nðr^Þ ¼ F nðr^Þ, where an asterisk denotes the complex conjugate. To ensure that the deﬂected
membrane shape is smooth at the origin, we require Fn(0) = 0 for nP 1. A straightforward computation yields
the following expressions for the Laplacian and bi-Laplacian in plane polar coordinates:r^2f^ ¼
X1
n¼1
Qnðr^Þ expðinhÞ; r^4f^ ¼
X1
n¼1
Xnðr^Þ expðinhÞ; ð14Þwhere r^ is the gradient with respect to x^  x=a and yˆ  y/a,Qn  F 00n þ
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ð16ÞTo also express the right-hand side of (9) in a Fourier series, we use the Cartesian to plane polar transforma-
tion rules:
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ð17ÞUsing Euler’s formula to express the cosines and sines in terms of the complex exponential and substituting the
Fourier expansion, we ﬁndof^
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ð19ÞIf the function Fn is real, Fn = Fn, the functions Rn and Tn are related by Rn = Tn.
Using these expressions, we ﬁnd:r^4f^ ¼  1
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ð22ÞSubstituting (21) and (14) in (9) and equating corresponding Fourier coeﬃcients, we derive an inﬁnite tridi-
agonal system of ordinary diﬀerential equations,Xn  bQn ¼ 
a
2
ðWnþ1 þ Un1Þ; ð23Þ
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n = ±N. In the case of eigensolutions with left-to-right symmetry with respect to the zx plane, the Fourier ser-
ies involves only cosine terms, the component functions Fn are real, Fn = Fn, and Wn = Un. The general sys-
tem (23) then reduces toX0  bQ0 ¼ aW1;
Xn  bQn ¼ 
a
2
ðWnþ1 þ Un1Þ;
ð24Þfor n = 1,2, . . . ,N. If the eigensolutions are antisymmetric with respect to the zx plane, the Fourier series in-
volves only sine terms, the component functions Fn are imaginary, Fn = Fn, Wn = Un, and X0  bQ0 = 0.
To satisfy the boundary conditions F n ¼ F 0n ¼ 0 around the rim, we set
F i ¼ ð1 r^Þ2Hiðr^Þ; ð25Þand approximate the modulating functions Hiðr^Þ with Mth-degree polynomials in r^,
Hiðr^Þ ¼ ci0 þ ci1r^ þ    þ ciM r^M ; ð26Þwhere M is a speciﬁed polynomial order. Substituting (25) and (26) into the governing diﬀerential equations,
computing the required derivatives analytically by diﬀerentiating the polynomials, and enforcing the resulting
equations at the Chebyshev collocation points,r^j ¼ tj þ 1
2
; tj ¼ cos j 1
2
 
p
Mþ 1
 
; ð27Þfor j = 1,2, . . . ,M + 1, we obtain a generalized eigenvalue problem of the formðA bB aCÞ  c ¼ 0; ð28Þ
where the vector c contains the polynomial coeﬃcients, cij. Speciﬁcally, the matrices A and B consist of 2N + 1
diagonal blocks with dimensions (M + 1) · (M + 1), while the matrix C consists of 2N super-diagonal and
sub-diagonal blocks with same dimensions.
For a speciﬁed dimensionless pre-stress, b, the numerical task is to compute as many eigenvalues a as pos-
sible, beginning with the smallest eigenvalue and moving upward. Physically, the highest eigenvalue is the min-
imum shear stress for buckling. Alternatively, for a speciﬁed dimensionless shear stress, a, the numerical task is
to compute as many eigenvalues b as possible, beginning with the highest eigenvalue and moving downward.
Physically, the highest eigenvalue represents the minimum pre-compression for buckling.
Since the matrices A and B arise from the discretization of the elliptic biharmonic operator, they are non-
singular and well conditioned. By contrast, the matrix C is poorly conditioned. The computation of the eigen-
values was carried out using the Matlab eig function. Eigenvalues come in degenerate positive–negative pairs
representing identical buckling states that arise when the shear ﬂow is oriented toward the positive or negative
direction of the x axis. The eigenfunctions are either symmetric or antisymmetric with respect to the zx plane,
designated by S or A, respectively.4. Buckling of a compressed membrane
In the absence of hydrodynamic load, a = 0, the right-hand side of (23) is zero, the Fourier modes decouple,
Xn = b Qn, for n = 0,1,2, . . ., and the eigenvalue b represents the critical load for the buckling of a uniformly
loaded circular membrane. The eigenvalues of axisymmetric buckling modes corresponding to n = 0 are the
squares of the zeros of the Bessel function, J1(x) (e.g., Timoshenko and Gere, 1961, p. 390).
Due to the rotational symmetry, we may set Fn = Fn and expand the deﬂection, f^ ðr^; hÞ in a cosine Fourier
series. The eigenvalue problem is governed by the Bessel diﬀerential equationR2 €QnðRÞ þ R _QnðRÞ þ ðR2  n2ÞQnðRÞ ¼ 0; ð29Þ
where R ¼ r^ ﬃﬃﬃﬃﬃﬃﬃbp , and a dot denotes a derivative with respect to R. To ensure regularity at the origin, we set
Table
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where A is an arbitrary constant and Jn is a Bessel function. Using (15), we obtain a non-dimensional inho-
mogeneous equation for the shape function,€F n þ
_F n
R
 n2 F n
R2
þ A
b
JnðRÞ ¼ 0: ð31ÞA solution satisfying Fn = 0 at r^ ¼ 1 corresponding to R ¼
ﬃﬃﬃﬃﬃﬃﬃbp , isF nðRÞ ¼ B JnðRÞ  Jnð
ﬃﬃﬃﬃﬃﬃﬃbp Þ
ðbÞn=2
Rn
 !
; ð32Þwhere B = A/b. To also satisfy the boundary condition dF n=dr^ ¼ 0 at r^ ¼ 1, we require b ¼ bi ¼ z2i , where zi
is a zero of the functionHðxÞ ¼ J 0nðxÞ  n
JnðxÞ
x
¼ Jnþ1ðxÞ: ð33ÞThus, zi is a zero of the Bessel function Jn+1(z), which is consistent with the well-known results for n = 0. The
deﬂected membrane shape is described by the equation:f^ ðr^; hÞ ¼ CðJnðzir^Þ  JnðziÞr^nÞ cos nh; ð34Þ
where C is an arbitrary constant. These results are independent of the Poisson ratio.
These analytical predictions are in excellent agreement with the results of our numerical computations listed
in Table 1. The relative error is less than 105 for all modes considered. The computed buckled shapes for the
ﬁrst axisymmetric mode (n = 0) and buckling states i = 1,2, and for the three non-axisymmetric modes
(n = 1,2,3), and buckling state i = 1, are shown in Fig. 2.
Our analysis in the absence of shear ﬂow complements the recent work of Wang (2005) on the buckling of a
radially compressed circular plate resting on a Winkler foundation. As the elastic modulus of the foundation
tends to zero, Wang (2005) found that the critical load tends to the limit identiﬁed in our analysis for the ﬁrst
non-axisymmetric mode.
5. Buckling in shear ﬂow
Fig. 3 describes the structure of the solution space for the ﬁrst symmetric mode (broken lines) and ﬁrst anti-
symmetric mode (solid lines), in the b–a plane. The graphs illustrate the critical hydrodynamic load, a, for a
certain pre-compression or pre-stretching, b, where the membrane ﬁrst buckles. Alternatively, the graphs illus-
trate the pre-stress necessary to suppress buckling due to a certain hydrodynamic load.
The ﬁrst symmetric solution branch in Fig. 3(a) originates from the critical point b = 14.6820, a = 0,
where the membrane buckles under a radially compressive pre-stress in the absence of a hydrodynamic load.
The corresponding eigenmode describing an axisymmetric shape is shown in Fig. 2(a). By symmetry, this and
all other branches cross the b axis at a right angle. Buckling does not occur for combinations (b,a) that lie
underneath the ﬁrst symmetric solution branch. The criterion of positive in-plane normal stresses discussed
in Section 2 predicts stable shapes for (b,a) pairs that lie below the curve a = b drawn with the dotted line1
ng of a radially compressed circular membrane in the absence of hydrodynamic load
n = 0 n = 1 n = 2 n = 3 n = 4
14.6820 26.3746 40.7065 57.5829 76.9389
49.2185 70.8500 95.2776 122.4278 152.2412
103.4995 135.0207 169.3955 206.5698 246.4955
177.5208 218.9202 263.2033 310.3223 360.2455
ble gives the buckling thresholds bi for the ﬁrst few Fourier modes (n) and buckling states (i), computed with numerical truncation
= 20. The n = 0 solutions yield axisymmetric shapes. The thresholds are independent of the Poisson ratio.
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Fig. 2. Buckling of a radially compressed circular plate in the absence of hydrodynamic load. The graphs display the most dangerous
buckling modes for (a) b = 14.6820 (n = 0, i = 1), (b) 26.3746 (n = 1, i = 1), (c) 40.7065 (n = 2, i = 1), (d) 49.2185 (n = 0, i = 2), and
(e) 57.5829 (n = 3, i = 1).
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portion of its surface without buckling, and the margin of tolerance increases when the membrane is pre-
stretched.
As the value of b increases along the symmetric solution branch, the buckled shapes becomes increasingly
non-axisymmetric and the critical value of a increases in a monotonic fashion. The trend continues as b
becomes zero and then positive, where pre-compression transforms into pre-stretching. The critical value
for an unstressed membrane, a = 72.71 for b = 0, was identiﬁed previously by Luo and Pozrikidis (2006)
by analytical methods and conﬁrmed by ﬁnite element calculations. Buckled shapes for pre-compressed and
a pre-stretched membrane, b = 10 and 10, are shown in Fig. 4(a and b). In agreement with intuition, the
−30 −20 −10 0 10 20 30
0
50
100
150
200
250
β
α
−30 −20 −10 0 10 20 30
0
50
100
150
200
250
β
α
Fig. 3. Buckling of a radially compressed circular in the presence of hydrodynamic load. Solution branches of the lowest symmetric mode
(broken line), and antisymmetric mode (solid line), for (a) m = 0.45, and (b) m = 0.10. The circles mark the critical conditions in the absence
of pre-stress. The dotted line represents the conservative prediction, a = b.
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Fig. 4. Buckling of a radially compressed/stretched circular membrane in the presence of hydrodynamic load. First symmetric mode, S1,
for m = 0.45 and (a) b = 10 (a = 38.27), (b) b = 10 (a = 99.54), (c) b = 20 (a = 66.74), (d) b = 28 (a = 113.44).
8082 H. Luo, C. Pozrikidis / International Journal of Solids and Structures 44 (2007) 8074–8085downstream portion of the membrane buckles due to compression, while the upstream part responds by devel-
oping a deﬂection to the downstream deformation.
A second symmetric solution branch in Fig. 3(a) originates from the critical point where the membrane
buckles under the compressive pre-stress in the ﬁrst Fourier mode, n = 1, in the absence of a hydrodynamic
load, b = 26.3746 and a = 0. The buckled shape for b = 20 corresponding to the critical load a = 66.74 is
shown in Fig. 4(c). This eigenfunction has a shape that is more convoluted than any of that described earlier
H. Luo, C. Pozrikidis / International Journal of Solids and Structures 44 (2007) 8074–8085 8083for the symmetric solution branch shown in Fig. 4(a and b). Further computations have revealed an inﬁnite
sequence of solution branches originating from the critical values of b in the absence of hydrodynamic load,
listed in Table 1. As an example, Fig. 4(d) shows a buckled shape with two humps for b = 28 and a = 113.44.
The solution space of the ﬁrst symmetric mode thus consists of a zig-saw pattern comprised of a sequence of
segments originating from the zeros of Bessel functions.
The ﬁrst antisymmetric mode described by the solid lines in Fig. 3(a) exhibits a similar behavior. The ﬁrst
solution branch in this case originates from the critical point b = 26.3746, a = 0, where the membrane buck-
les under compression in the absence of hydrodynamic load. The critical value, a=136.33 for b = 0, is identical
to that computed by Luo and Pozrikidis (2006) for an unstressed membrane. Buckled shapes for pre-com-
pressed and pre-stretched membranes exhibiting notable oscillations are shown in Fig. 5(a–c). As in the case
of the ﬁrst symmetric mode, the solution space of the ﬁrst antisymmetric mode consists of a zig-saw pattern
consisting of a sequence of segments originating from the zeros of Bessel functions.
We have found that the critical point, b = 26.3746 and a = 0, is a bifurcation point in the solution
space, serving as a point of departure for symmetric and antisymmetric buckled modes. Since, when
m = 0.45, the antisymmetric shape has a slightly lower threshold, a, it is most likely to be realized in practice.
For a certain value of b, buckled shapes are possible at a sequence of values of a. For example, when
b = 14.6820, a buckled shape occurs for a = 0 corresponding to the axisymmetric deﬂection mode shown
in Fig. 2(a). A second buckled shape occurs for a = 85.46 corresponding to the antisymmetric mode shown
in Fig. 6(a), and a third shape occurs for a = 89.95 corresponding to symmetric mode shown in Fig. 6(b).
Higher modes are shown in Fig. 6(c–f). The deformed shape shown in Fig. 6(b) is similar to that in
Fig. 4(c), the shape shown in Fig. 6(c) is similar to that shown in Fig. 4(d), and the analogy persists for
higher-order pairs.
Fig. 3(b) illustrates the solution space for the lower Poisson ratio, m = 0.1. The circles mark the critical con-
ditions in the absence of pre-stretching occurring at a=81.3 for the symmetric mode, and at 169.20 for the−1
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Fig. 5. Buckling of a radially compressed/stretched circular membrane in the presence of hydrodynamic load. First antisymmetric
eigenmode, A1, for m = 0.45 and (a) b = 20 (a = 61.41), (b) b = 10 (a = 165.52), (c) b = 28 (a = 116.08).
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Fig. 6. Buckling eigenmodes for m = 0.45 and b = 14.6820: (a) a = 85.46 (A1), (b) a = 89.95 (S2), (c) a = 166.81 (S3), (d) a = 168.54
(A2), (e) a = 235.18 (S4), and (f) a = 270.59 (A3).
8084 H. Luo, C. Pozrikidis / International Journal of Solids and Structures 44 (2007) 8074–8085antisymmetric mode. The structure of the solution space and corresponding eigenfunctions are similar to those
illustrated in the ﬁgures for m = 0.45. The symmetric and antisymmetric branches in Fig. 3(b) are separated by
a wider margin than those shown in Fig. 3(a) for the higher Poisson ratio. The symmetric solution branches lie
underneath the antisymmetric solution branches for the low Poisson ratio.6. Discussion
We have computed critical solution branches in the (b,a) parametric space for the onset of buckling, and
found that the ﬂat membrane tolerates compression over a portion of its surface without buckling. The margin
of tolerance was quantiﬁed by the diﬀerence between the critical value of a and the value where a local
H. Luo, C. Pozrikidis / International Journal of Solids and Structures 44 (2007) 8074–8085 8085compressive tension ﬁrst occurs. Results presented in Fig. 3 reveal that this diﬀerence increases almost linearly
at suﬃciently high values of the pre-stress parameter b.
Each point on each branch is a bifurcation point of a certain solution plane described, for example, by the
hydrodynamic shear stress, Ds, and curvature at the center of the circular patch. In the linearized analysis
presently undertaken, only shapes near the bifurcation points were described to ﬁrst order with respect to
the membrane deﬂection amplitude. To describe substantially deformed shapes, a non-linear postbuckling
analysis based on the full von Ka´rma´n equation must be pursued using numerical method (e.g., Dossou
and Pierre, 2003).
When a membrane buckles in a ﬂuid, the deformation of the evolving shape is resisted by hydrodynamic
viscous stresses of the induced perturbation ﬂow riding on the simple shear ﬂow. The time scale of the evo-
lution is thus determined by the ﬂuid viscosities and length scale of the developing corrugations. For the cor-
rugations to amplify and become visible, the duration of compression must be suﬃciently long. If a membrane
patch on the capsule undergoes periodic compression and extension, permanent wrinkling will arise only
under favorable conditions. An integrated analysis of the pertinent dynamics will be undertaken in future
work.
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